In this paper we consider the Lagrangian formulation of a system of second order quasilinear partial differential equations. Specifically we construct a Lagrangian vector field such that the flows of the vector field satisfy the original system of partial differential equations.
Introduction
Variational principle has played a fundamental role in the foundation of mathematics and physics. Minimization of an action integral by means of a Lagrange function gives rise to the set of Euler-Lagrange equations (ELs). Invariance of the action integral or ELs is intimately related to conservation laws [1] . It is well known in Lagrangian mechanics that the flows of the Lagrangian vector field satisfy ELs [2] , where the set of ELs form a system of second order ordinary differential equations. In this paper we consider the Lagrangian formulation of a system of second order quasilinear partial differential equations in terms of ELs. Our objective is to construct a Lagrangian vector field X L such that the flows of X L satisfy ELs. We believe that this work is still lacking in the literature.
Let B n be an open set in E n with smooth boundary ∂B n , and let x = (x 1 , x 2 , . . . , x n ) be the coordinate cover of B n . Consider the following system of second order quasilinear PDEs:
where a, b, c ∈ [1, 2, . . . , N] and {F ij ab , G a } are given functions. In (1) we have adopted the conventional summation notation for repeated indices. The solution set of (1) for the N functions f a can be viewed as a map Φ from the base space B n to the graph c M.Chen space G = B n ×R N with coordinate cover (x, u a ), 1 a N. The map Φ is said to be a regular map if Φ * µ = 0, where Φ * is the pull back map of Φ, µ = dx 1 ∧dx 2 ∧. . .∧dx n is the volume element of B n , and ∧ is the exterior product of differential forms [3] . Next we imbed the graph space G in a larger space M = G × R nN with coordinate cover (x, u a , y a i ). We furnish M with N contact 1-forms w a = du a − y a i dx i , where w a ∧ (dw a ) n = 0, and (dw a ) n+1 = 0. Here ( ) m denotes the m th exterior power. Then we extend the map Φ from B n to M under the conditions Φ * µ = 0 and
In the following discussions we say that Φ : B n → M is a regular map if Φ * µ = 0 and Φ * w a = 0. From geometric point of view, a regular map Φ has the representation
It defines an n-dimensional section of M. Based on the system of PDEs in (1), we define the system of n-forms {E a },
where µ j = ∂ j µ, is the inner multiplication between the partial differential operator ∂ j and the n-form µ, such that,
Hence regular maps Φ solve the system of PDEs (1) if and only if Φ * E a = 0. Therefore, instead of considering the system of PDEs (1), we concentrate on the set of n-forms {E a } and consider regular maps Φ such that Φ * E a = 0.
Lagrangian formulation of PDEs
The solution set {f a (x)} forms the states of the system of PDEs (1) . Suppose the system has a smooth Lagrangian function
Lift the Lagrangian functionL from the graph space
which can be rewritten as
Assume that L is independent of x explicitly. Further assume that the values of {f a (x)} are specified on the boundary ∂B n . It can be proved that a regular map Φ :
where
is the total derivative operator. Now we consider the existence as well as the construction of the Lagrangian function L on M. To this end, we let V a = G a , dV 
On the other hand, if Q ∧ µ is a closed (n + 1)-form, it can be proved that the system {Q a } admits a variational principle [5] . Thus we first define Q = V a du a + V i a dy a i and determine whether or not Q ∧ µ is a closed (n + 1)-form. Suppose the answer is affirmative. The Lagrange function L can be written as
On the other hand, suppose the system {Q a } does not admit a variational principle. We can extend the space M to a larger spaceM = M × E N +nN with coordinate cover (x, u a , y
Then Q ∧ µ = d(Lµ). Hence the extended system {Q a ,Q a } admits a variational principle with the Lagrangian function L = V aû a +V i aŷ a i . The Euler-Lagrange equations for the extended system can be written as
Construction of the Lagrangian vector field
In the following discussions we assume that L is independent of x explicitly. In Lagrangian Mechanics, the Lagrangian 1-form θ, the Lagrangian 2-form Ω, and the total energy of the system E are defined as follows [6] :
In a similar manner, we define the Lagrangian 1-form θ L , the Lagrangian 2-form Ω L , and the energy density E L for the extended system {Q a ,Q a } by
We assume that the Lagrangian function L is nondegenerate, i.e., L y a 
where (t 1 , t 2 , . . . , t n ) are n parameters. In Lagrangian mechanics the Lagrangian vector field X is constructed by the condition X Ω = −dE. It is well known that the flows of X satisfy the EulerLagrange equations [6] . In a similar manner, we determine the Lagrangian vector field X L by the condition
By comparing the coefficients of dy a i , dŷ b j , du a and dû b on both sides of (12) we can obtain the following results:
1 Alternatively, we can write
However, W i turns out to be zero identically.
Since the Lagrangian function is nondegenerate, by (13a) and (13b) (13d) respectively. In view of (11) we can identify
Hence (14a) and (14b) in conjunction with (11) give rise to (8a) and (8b). Therefore the flows of X L satisfy the Euler-Lagrange equations.
To conclude this section we consider an example in extended irreversible thermodynamics:
where T is the temperature, τ and χ are constants. Let
The contact manifold M has the global coordinate cover (x 1 , x 2 , u, y 1 , y 2 ), and is equipped with the contact 1-form
(i) By (15) the 2-form E is given by
The regular map Φ : B 2 → M yields Φ * E = 0, which is identical to (15). Let
1 dy 2 , then Q ∧ µ is not a closed 3-form. Consequently (15) does not admit a variational principle 2 . For this reason we enlarge M tô M, whereM has the coordinate cover (x, u, y 1 , y 2 ,û,ŷ 1 ,ŷ 2 ), and is equipped with the contact 1-forms
2 It should be noted that there are many different formulations for a system of second order quasi-linear PDEs to be transcribed into a system on n-forms. For the specific PDE in (15), we could have constructed the 2-form
In view of the of the contact 1-form ω = du − y i dx i , we can easily show that
i.e., E = E mod ω. Hence both Φ * E = 0 and Φ * E = 0 give rise to (15). Similarly, if we set 
(iii) Based on the Lagrange function L, we can construct the Euler-Lagrange 2-forms as follows:
Hence the Euler-Lagrange equations for the extended system
Equations (17a) and (17b) in turn yield
(iv) By the Lagrangian function
we construct the Lagrangian 1-form
Define the Lagrangian vector field X L by
The flows of X L can be written as
On the other hand, the energy density of the extended system
Applying Φ * on (19a) and (19b) we can recover (18a) and (18b) respectively. Hence the flows of X L give rise to the Euler-Lagrange equations.
Conclusions
It is well known that many important theories in physical sciences can be described by ordinary or partial differential equations. In general these equations can be formulated via the variational principle in terms of a Lagrangian function. In this paper we consider the Lagrangian formulation of a system of quasilinear PDEs, where the underlying system of equations can be recast in terms of the Euler-Lagrange equations. Then we construct a vector field such that the flows of the vector field satisfy the Euler-Lagrange equations.
A similar approach to the problem considered in this paper has also been developed by Guo, Shang and Mei [7] . Based on the idea of adjoint symmetries, they modified a nonconservative system by adding a set of adjoint equations to the system. Thus the dimension of the configurational manifold is double of the dimension of the original system. Consequently the modified system admits a regular Lagrangian. From this point of view, there appears to be some similarity between our work and the work of Guo, et al . However, the methodology is very different, especially in the construction of the Lagrangian vector field. It would be interesting to extend this work to a wider class of PDEs, or to consider the Hamiltonian formulation of PDEs and the construction of the Hamiltonian vector field.
